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a, + 1
-~ + a_n
A (finite) continued fraction, where n is a
non-negative integer, a, is an integer, and
a; is a positive integer, fori = 1,---,n.

[@g, a1, -+, an]

Example
415 1

[4,2,6,7]
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Excise016

1999 .
Try to convert a3 to form of continued
fraction.

Relation to Euclid’s Algorithm

415 =4x%x93 + 43
93 =2%x43+7
43 =6%Xx7+1

7=7x%x1

[4,2,6,7]
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Represention of Numbers
* Golden Ratio ¢: [1,1,1, -]

Proof:
1+ 45
¢ = ~ 1.618
2
B 1
¢—¢_1
So,
=1 =1 ! =1 1
(p_ +(¢_)_ + 1 - +$
¢p—1
« V2:[1,2,2,2, ]
Proof: "
1+ V2=2+(V2-1)=2+—
V2 -1
=2+ =[2,2,2,2,
1+ V2 [ ]

So,
\/E - [1J212I2) ]
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Definition

[ag, aq,*, ai] is convergent to
[ag, a1,+,ay], for0 <k <n.

Example

The first four convergents are
a, a1a9+1 ay(aia9+ 1)+ ag
1" a; a,a; + 1
as(a(ajag + 1) + ag) + (aga + 1)}

)

az;(a,a; +1) + a4

{Po, P1, 02,03}
= {ay, a1a9 + 1, ay(a;ay + 1)
+ ay, az(a,(aiay + 1) + ay) + (a1a9
+ 1)}

{90, 91,92, 93}
={1,ay,a,a; +1,a3(aya; +1) + a,}

Pk = gPr—1 + Pr—2
dx = Akqr-1 T qr—2
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® ".

-Bael

a 4 2 6 7

9 58 415

q 1 2 13 93

p/q 4/1 9/2 58/13 415/93
L%
-Bael

A2 |1 Jo 1 [2 |
a A A 4 2 6 7
0 1 9 58 415
0 2 13 93




2020/4/1

Theorem [ay, a4, -, ax] =

— Pk
ak
Proof.

Po _ QoP-1 T P-2 _ Qo 1

= = dn.
9o Aoq-1t+q-2 1 0
Suppose it holds for all k.

[ag, ay, -, Ax41]

= [ag, ay,++, g—1, Ay +

-
Ak +1

1
- (ak + m) Pk—1 T Pr—2
(ak + ak+1> Q1+ Qi

_ (akgeq + Dpg—g + apy1Dk—2

 (agrs1 + Dqpoq + Qrs19f—y

_ Ap11(AkPr—1 + Pr—2) + Pk—1

A1 1 + Q_2) + Q4
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_ Ap+1(AkPr-1 + Pr—-2) + Pi—1
Apr1(AGr-1 + Qie—2) + Q-1

_ Qg+1Pk T Pr-1
A+19k T Q-1

_ Pk+1
Ak +1

Real number x, compute integers a,, a4, -

such that ay = [x].

1
X =agy+ 1
aq + 1
a, + 1
- +E
1
X, = p—— then a; = |x4],
X, = L then a, = |x,], -
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Theorem py_1qi — Qr—1Px = (—1).
Proof. (By PMI)

P_2q—1 — q—2p-1 = (=1)7".
Assume it holds for k.

Pr9k+1 — 9kPk+1
= Pr(Ak+19k + Gk-1) — Qi (Ak+1Pk
+ Pk-1) = PrQk-1 — QkPk-1
= —(qxPr-1 — PxQik-1) = (_1)(_1)k
— C_l)k+1

k
- -1
dk-1 Ak Akdk-1

Corollary gcd (py, q) = 1

If p;, and g; had a nontrivial common
divisor it would divide p,qr_1 — QxPr-1,
which is impossible.
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Corollary py_>qx — qr—20x = (1) ay
Proof.
Pk—1qx — qQr-1Px = (=1)F
Ak Pr-1qx — Ax-1Pk = (—1)*ay
Pk — Pr—-2)qK — g(QIc — Qk-2)Dk
= (—D%ay

Pr—2qr — Qr—20k = (—1)**1ay

pr-z  Pr _ (D"
k-2 4k qrk-29k

_ >0 kisodd
<0 kiseven

_Po_P2_Pi

do 42 4a

_P1 P _Ps
491 493 Qs
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Even terms increasing, bounded above by
odd terms, odd terms decreasing, bounded
below by even terms, so they both
converge and get arbitrarily close.

So both even and odd sequences converge
to the same real number x, namely,

p—"—>xasn—>00.

dn

Po_P2 _Ps_  ___ . _P3_Pi
qo 42 qa 93 q1
Pn DPn+1| 1
—— = - 0asn — o
dn  9n+1 An9n+1

x_Pn| _|Pn_Pni1f 1 siz.

dn dn  9n+1 Andn+1 qn
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Theorem One of every 2 consecutive
convergents satisfies

1
X — p—k < a2
drk|l 29k
Proof.
1 1 1
p_n_pn+1 _ < . + .
n An+1 Anqn+1 ZQn 2qn+1
Pn Pn+1 Pn  Pn+1
X——+|x— = |-
dn . 1 CIr_1|_+1 1 dn  9n+1
B 261121 ZCIT21+1
Pn 1 Pn+1 1
S X—| < Y or | X — S >
dn 2qn An+1 24541
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Theorem One of every 3 consecutive
convergents satisfies

1
X — Pie <
Ak \/gq,%
Proof. Suppose it is not.
Pk 1
|x T > \/gqlchorn,n+ 1,n+ 2.
Pn ‘ Pn+1 Pn Pn+1
X——|+|x— =|—-
dn 1 qn{l dn 1 qn+1

= > +
Andn+1 \/gqyzl \/gq%.i_l

= \/§>Qn+1+ n
dn dn+1

V5 +1
:>Qn+1<
dn 2
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f(x)=x+ i is strictly increasing on
(1, ), so
qn 1 V5 -1

= >
dn+1 An+1 2
n
Likewise, 122 < \/§+1’ but
An+1 2
Qn+2__ an+2Qn+14'Qn__ an
- = sy +
An+1 An+1 In+1
V5—-1 V5+1
>1+ > = >

Contradiction.

Why are continued fractions useful?
* Gives good approximations to real numbers
e r=13,715,1,292,1,1,1,2,1,3,1,--- ]
*e=1212114116118,1,1,10,--]
* Useful in number theory for study of
guadratic fields, diophantine equations

* Areal number x is a quadratic surd P+Q\/E> if and

only if its continued fraction is periodic
[aO; A1, A2, ey Ak, A1) A 425 -y ak+mJ-
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Excise017

Please write V71 into the form of
continued fraction.




