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连分式

ܽ଴ ൅
1

ܽଵ ൅
1

ܽଶ ൅
1

⋱ ൅
1
ܽ௡

A (finite) continued fraction, where ݊ is a 
non‐negative integer, ܽ଴ is an integer, and 
ܽ௜ is a positive integer, for ݅ ൌ 1,⋯ , ݊.

ሾܽ଴, ܽଵ,⋯ , ܽ௡ሿ

Example
415
93

ൌ 4 ൅
1

2 ൅
1

6 ൅
1
7

ሾ4,2,6,7ሿ
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Excise016

Try to convert 
ଵଽଽଽ

ଶଷଷ
to form of continued 

fraction.

Relation to Euclid’s Algorithm

415 ൌ 4 ൈ 93 ൅ 43
93 ൌ 2 ൈ 43 ൅ 7
43 ൌ 6 ൈ 7 ൅ 1
7 ൌ 7 ൈ 1

ሾ4,2,6,7ሿ
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Represention of Numbers
• Golden Ratio ߶: ሾ1,1,1,⋯ ሿ

Proof:

߶ ൌ
1 ൅ 5

2
ൎ 1.618

߶ ൌ
1

߶ െ 1
So,

߶ ൌ 1 ൅ ሺ߶ െ 1ሻ ൌ 1 ൅
1
1

߶ െ 1

ൌ 1 ൅
1
߶

• 2: ሾ1,2,2,2,⋯ ሿ

Proof:

1 ൅ 2 ൌ 2 ൅ ሺ 2 െ 1ሻ ൌ 2 ൅
1
1
2 െ 1

ൌ 2 ൅
1

1 ൅ 2
ൌ ሾ2,2,2,2,⋯ ሿ

So,

2 ൌ ሾ1,2,2,2,⋯ ሿ
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Definition

ሾܽ଴, ܽଵ,⋯ , ܽ௞ሿ is convergent to 
ሾܽ଴, ܽଵ,⋯ , ܽ௡ሿ, for 0 ൑ ݇ ൑ ݊.

Example

The first four convergents are

ቊ
ܽ଴
1
,
ܽଵܽ଴ ൅ 1

ܽଵ
,
ܽଶሺܽଵܽ଴ ൅ 1ሻ ൅ ܽ଴

ܽଶܽଵ ൅ 1
,

ܽଷሺܽଶሺܽଵܽ଴ ൅ 1ሻ ൅ ܽ଴ሻ ൅ ሺܽଵܽ଴ ൅ 1ሻ
ܽଷሺܽଶܽଵ ൅ 1ሻ ൅ ܽଵ

ቋ

ሼ݌଴, ,ଵ݌ ,ଶ݌ ଷሽ݌
ൌ ሼܽ଴,  ܽଵܽ଴ ൅ 1,  ܽଶሺܽଵܽ଴ ൅ 1ሻ

൅ ܽ଴,  ܽଷሺܽଶሺܽଵܽ଴ ൅ 1ሻ ൅ ܽ଴ሻ ൅ ሺܽଵܽ଴
൅ 1ሻሽ

ሼݍ଴, ,ଵݍ ,ଶݍ ଷሽݍ
ൌ 1, ܽଵ, ܽଶܽଵ ൅ 1, ܽଷሺܽଶܽଵ ൅ 1ሻ ൅ ܽଵ

௞݌ ൌ ܽ௞݌௞ିଵ ൅ ௞ିଶ݌
௞ݍ ൌ ܽ௞ݍ௞ିଵ ൅ ௞ିଶݍ
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^ 0 1 2 3

a 4 2 6 7

p 4 9 58 415

q 1 2 13 93

p/q 4/1 9/2 58/13 415/93

^ ‐2 ‐1 0 1 2 3

a ^ ^ 4 2 6 7

p 0 1 4 9 58 415

q 1 0 1 2 13 93
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Theorem ሾܽ଴, ܽଵ,⋯ , ܽ௞ሿ ൌ
௣ೖ
௤ೖ

Proof.
଴݌
଴ݍ

ൌ
ܽ଴ି݌ଵ ൅ ଶି݌
ܽ଴ିݍଵ ൅ ଶିݍ

ൌ
ܽ଴ ⋅ 1
1

ൌ ܽ଴.

Suppose it holds for all k.
ሾܽ଴, ܽଵ,⋯ , ܽ௞ାଵሿ

ൌ ሾܽ଴, ܽଵ,⋯ , ܽ௞ିଵ, ܽ௞ ൅
1

ܽ௞ାଵ
ሿ ൌ

௞݌
ᇱ

௞ݍ
ᇱ

ൌ
ܽ௞ ൅

1
ܽ௞ାଵ

௞ିଵ݌
ᇱ ൅ ௞ିଶ݌

ᇱ

ܽ௞ ൅
1

ܽ௞ାଵ
௞ିଵݍ
ᇱ ൅ ௞ିଶݍ

ᇱ

ൌ
ሺܽ௞ܽ௞ାଵ ൅ 1ሻ݌௞ିଵ

ᇱ ൅ ܽ௞ାଵ݌௞ିଶ
ᇱ

ሺܽ௞ܽ௞ାଵ ൅ 1ሻݍ௞ିଵ
ᇱ ൅ ܽ௞ାଵݍ௞ିଶ

ᇱ

ൌ
ܽ௞ାଵሺܽ௞݌௞ିଵ

ᇱ ൅ ௞ିଶ݌
ᇱ ሻ ൅ ௞ିଵ݌

ᇱ

ܽ௞ାଵሺܽ௞ݍ௞ିଵ
ᇱ ൅ ௞ିଶݍ

ᇱ ሻ ൅ ௞ିଵݍ
ᇱ
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ൌ
ܽ௞ାଵሺܽ௞݌௞ିଵ ൅ ௞ିଶሻ݌ ൅ ௞ିଵ݌
ܽ௞ାଵሺܽ௞ݍ௞ିଵ ൅ ௞ିଶሻݍ ൅ ௞ିଵݍ

ൌ
ܽ௞ାଵ݌௞ ൅ ௞ିଵ݌
ܽ௞ାଵݍ௞ ൅ ௞ିଵݍ

ൌ
௞ାଵ݌
௞ାଵݍ

Real number ݔ, compute integers ܽ଴, ܽଵ,⋯ ,
such that ܽ଴ ൌ .ۂݔہ

ݔ ൌ ܽ଴ ൅
1

ܽଵ ൅
1

ܽଶ ൅
1

⋱ ൅
1
ܽ௡

ଵݔ ൌ
ଵ

௫ି௔బ
, then ܽଵ ൌ ,ۂଵݔہ

ଶݔ ൌ
ଵ

௫భି௔భ
, then ܽଶ ൌ ⋯ ,ۂଶݔہ
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Theorem ௞ݍ௞ିଵ݌ െ ௞݌௞ିଵݍ ൌ ሺെ1ሻ௞.
Proof. (By PMI)

ଵିݍଶି݌ െ ଵି݌ଶିݍ ൌ ሺെ1ሻିଵ.
Assume it holds for ݇.

௞ାଵݍ௞݌ െ ௞ାଵ݌௞ݍ
ൌ ௞ݍ௞ሺܽ௞ାଵ݌ ൅ ௞ିଵሻݍ െ ௞݌௞ሺܽ௞ାଵݍ

൅ ௞ିଵሻ݌ ൌ ௞ିଵݍ௞݌ െ ௞ିଵ݌௞ݍ
ൌ െሺݍ௞݌௞ିଵ െ ௞ିଵሻݍ௞݌ ൌ ሺെ1ሻሺെ1ሻ௞

ൌ ሺെ1ሻ௞ାଵ

Corollary
௣ೖషభ
௤ೖషభ

െ
௣ೖ
௤ೖ
ൌ

ሺିଵሻೖ

௤ೖ௤ೖషభ

Corollary ݃ܿ݀ሺ݌௞, ௞ሻݍ ൌ 1

If ݌௞ and ݍ௞ had a nontrivial common 
divisor it would divide ݌௞ݍ௞ିଵ െ  ,௞ିଵ݌௞ݍ
which is impossible.
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Corollary ௞ݍ௞ିଶ݌ െ ௞݌௞ିଶݍ ൌ ሺെ1ሻ௞ିଵܽ௞
Proof.

௞ݍ௞ିଵ݌ െ ௞݌௞ିଵݍ ൌ ሺെ1ሻ௞
ܽ௞݌௞ିଵݍ௞ െ ܽ௞ݍ௞ିଵ݌௞ ൌ ሺെ1ሻ௞ܽ௞
ሺ݌௞ െ ௞ݍ௞ିଶሻ݌ െ ሺݍ௞ െ ௞݌௞ିଶሻݍ

ൌ ሺെ1ሻ௞ܽ௞
௞ݍ௞ିଶ݌ െ ௞݌௞ିଶݍ ൌ ሺെ1ሻ௞ାଵܽ௞

௞ିଶ݌
௞ିଶݍ

െ
௞݌
௞ݍ

ൌ
ሺെ1ሻ௞ିଵܽ௞
௞ݍ௞ିଶݍ

ൌ ቊ൐ 0 ݀݀݋ ݏ݅ ݇
൏ 0 ݊݁ݒ݁ ݏ݅ ݇

⇒
଴݌
଴ݍ

൏
ଶ݌
ଶݍ

൏
ସ݌
ସݍ
⋯

⇒
ଵ݌
ଵݍ
൐
ଷ݌
ଷݍ

൐
ହ݌
ହݍ
⋯
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Even terms increasing, bounded above by 
odd terms, odd terms decreasing, bounded 
below by even terms, so they both 
converge and get arbitrarily close.

So both even and odd sequences converge 
to the same real number ݔ, namely,
௣೙
௤೙
→ ݔ as ݊ → ∞.

଴݌
଴ݍ

൏
ଶ݌
ଶݍ

൏
ସ݌
ସݍ

൏ ⋯ ൏ ݔ ൏ ⋯ ൏
ଷ݌
ଷݍ

൏
ଵ݌
ଵݍ

௡݌
௡ݍ

െ
௡ାଵ݌
௡ାଵݍ

ൌ
1

௡ାଵݍ௡ݍ
→ ݊ ݏܽ 0 → ∞

ݔ െ
௡݌
௡ݍ

൑
௡݌
௡ݍ

െ
௡ାଵ݌
௡ାଵݍ

ൌ
1

௡ାଵݍ௡ݍ
൑

1

௡ଶݍ
.
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Theorem One of every 2 consecutive 
convergents satisfies

ݔ െ
௞݌
௞ݍ

൑
1

௞ݍ2
ଶ

Proof.
௡݌
௡ݍ

െ
௡ାଵ݌
௡ାଵݍ

ൌ
1

௡ାଵݍ௡ݍ
൑

1

௡ଶݍ2
൅

1

௡ାଵݍ2
ଶ

ݔ െ
௡݌
௡ݍ

൅ ݔ െ
௡ାଵ݌
௡ାଵݍ

ൌ
௡݌
௡ݍ

െ
௡ାଵ݌
௡ାଵݍ

൑
1

௡ଶݍ2
൅

1

௡ାଵݍ2
ଶ

⇒ ݔ െ
௡݌
௡ݍ

൑
1

௡ଶݍ2
 ݎ݋  ݔ െ

௡ାଵ݌
௡ାଵݍ

൑
1

௡ାଵݍ2
ଶ
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Theorem One of every 3 consecutive 
convergents satisfies

ݔ െ
௞݌
௞ݍ

൑
1

௞ݍ5
ଶ

Proof. Suppose it is not.

ݔ െ
௣ೖ
௤ೖ

൐
ଵ

ହ௤ೖ
మ
for ݊, ݊ ൅ 1, ݊ ൅ 2.

ݔ െ
௡݌
௡ݍ

൅ ݔ െ
௡ାଵ݌
௡ାଵݍ

ൌ
௡݌
௡ݍ

െ
௡ାଵ݌
௡ାଵݍ

ൌ
1

௡ାଵݍ௡ݍ
൐

1

௡ଶݍ5
൅

1

௡ାଵݍ5
ଶ

⇒ 5 ൐
௡ାଵݍ
௡ݍ

൅
௡ݍ
௡ାଵݍ

⇒
௡ାଵݍ
௡ݍ

൏
5 ൅ 1
2
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݂ሺݔሻ ൌ ݔ ൅
ଵ

௫
is strictly increasing on 

ሺ1,∞ሻ, so
௡ݍ
௡ାଵݍ

ൌ
1

௡ାଵݍ
௡ݍ

൐
5 െ 1
2

Likewise, 
௤೙శమ
௤೙శభ

൏
ହାଵ

ଶ
, but

௡ାଶݍ
௡ାଵݍ

ൌ
ܽ௡ାଶݍ௡ାଵ ൅ ௡ݍ

௡ାଵݍ
ൌ ܽ௡ାଶ ൅

௡ݍ
௡ାଵݍ

൒ 1 ൅
5 െ 1
2

ൌ
5 ൅ 1
2

Contradiction.

Why are continued fractions useful?
• Gives good approximations to real numbers

• ߨ ൌ ሾ3,7,15,1,292,1,1,1,2,1,3,1,⋯ ሿ
• ݁ ൌ ሾ2,1,2,1,1,4,1,1,6,1,1,8,1,1,10,⋯ ሿ

• Useful in number theory for study of 
quadratic fields, diophantine equations

• A real number ݔ is a quadratic surd 
௉ା ஽

ொ
if and 

only if its continued fraction is periodic 
ሾܽ଴; ܽଵ, ܽଶ, … , ܽ௞, ܽ௞ାଵ, ܽ௞ାଶ,… , ܽ௞ା௠ሿ.
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Excise017

Please write  71 into the form of 
continued fraction.


