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平方剩余

Consider congruence
𝑎𝑥ଶ + 𝑏𝑥 + 𝑐 ≡ 0 𝑚𝑜𝑑 𝑝,

with 𝑝 is an odd prime and 𝑎 ≠ 0 𝑚𝑜𝑑 𝑝.

𝑥ଶ + 𝑏ᇱ𝑥 + 𝑐ᇱ ≡ 0 𝑚𝑜𝑑 𝑝,

𝑥ଶ + 𝑐ᇱᇱ ≡ 0 𝑚𝑜𝑑 𝑝,

𝑥ଶ ≡ 𝑎 𝑚𝑜𝑑 𝑝.

Definition
Let 𝑝 be an odd prime, 𝑎 ≠ 0 𝑚𝑜𝑑 𝑝.
We say that 𝑎 is a quadratic residue  𝑚𝑜𝑑 𝑝
if 𝑎 is a square  𝑚𝑜𝑑 𝑝. Namely,

𝑎 ≡ 𝑏ଶ 𝑚𝑜𝑑 𝑝.

Otherwise, it is a quadratic non-residue.

𝑥ଶ ≡ 𝑎 𝑚𝑜𝑑 𝑝

may have 0-2 solutions.
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Excise009
Please convert the congruence

10𝑥ଶ + 3𝑥 + 9 ≡ 0 𝑚𝑜𝑑 37,

into the form of

𝑥ଶ ≡ 𝑎 𝑚𝑜𝑑 37.

*Lemma$. Let 𝑎 ≠ 0 𝑚𝑜𝑑 𝑝. Then 𝑎 is a 
quadratic residue mod 𝑝 iff

𝑎
௣ିଵ
ଶ ≡ 1 𝑚𝑜𝑑 𝑝.
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Example
15 is a quadratic residue mod 17, because

15
ଵ଻ି
ଶ ≡ 1 𝑚𝑜𝑑 17.

12 is a quadratic non-residue mod 17, 
because

12
ଵ଻ିଵ
ଶ ≡ −1 𝑚𝑜𝑑 17.

Proof.
p is odd, so by Euler theorem,

𝑎௣ିଵ ≡ 1 𝑚𝑜𝑑 𝑝.

(𝑎
௣ିଵ
ଶ )ଶ ≡ 1 𝑚𝑜𝑑 𝑝.

𝑎
௣ିଵ
ଶ ≡ ±1 𝑚𝑜𝑑 𝑝.
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Let 𝑔 be a primitive root mod 𝑝.
{1, 𝑔, 𝑔ଶ,⋯ , 𝑔௣ିଶ} = 1,2,⋯ , 𝑝 − 1 𝑚𝑜𝑑 𝑝.

Let 𝑎 ≡ 𝑔௞ 𝑚𝑜𝑑 𝑝 for some 𝑘.
So, 𝑎 ≡ 𝑔௞ା(௣ିଵ)௠ 𝑚𝑜𝑑 𝑝.

𝑎 is quadratic residue mod 𝑝 iff 𝑘 is even.
if 𝑘 = 2𝑙 then

𝑎 ≡ 𝑔ଶ௟ ≡ (𝑔௟)ଶ.

Conversely, if 𝑎 ≡ 𝑏ଶ 𝑚𝑜𝑑 𝑝 and suppose 
𝑏 = 𝑔௟ 𝑚𝑜𝑑 𝑝, then 𝑎 ≡ 𝑔ଶ௟ 𝑚𝑜𝑑 𝑝, so 𝑘 is 
even. ◼

Note: Half of residue class mod 𝑝 are 
quadratic residues, and half are quadratic 
non-residues.
Now,

𝑎
௣ିଵ
ଶ ≡ (𝑔௞)

௣ିଵ
ଶ ≡ 𝑔

௞(௣ିଵ)
ଶ  𝑚𝑜𝑑 𝑝.

𝑘 is even iff

𝑎
௣ିଵ
ଶ ≡ 1 𝑚𝑜𝑑 𝑝.
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Legendre符号

(Definition) Legendre Symbol:
𝑎

𝑝

= ቊ
1  𝑖𝑓 𝑎  𝑖𝑠  𝑎  𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐  𝑟𝑒𝑠𝑖𝑑𝑢𝑒  𝑚𝑜𝑑 𝑝
−1 𝑖𝑓 𝑎  𝑖𝑠  𝑎  𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐  𝑛𝑜𝑛𝑟𝑒𝑠𝑖𝑑𝑢𝑒  𝑚𝑜𝑑 𝑝

where 𝑝 is an odd prime. we simply write it 
as (𝑎|𝑝).

𝑎

𝑝
= 𝑎

௣ିଵ
ଶ  𝑚𝑜𝑑 𝑝.

Theorem (𝑎|𝑝)(𝑏|𝑝) = (𝑎𝑏|𝑝).

Proof.

𝑎
௣ିଵ
ଶ 𝑏

௣ିଵ
ଶ ≡ (𝑎𝑏)

௣ିଵ
ଶ  𝑚𝑜𝑑 𝑝.

(𝑎ଶ|𝑝) = (𝑎|𝑝)ଶ = 1.
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Example
(−9|71) = (−1 × 3ଶ|71)

= (−1|71)(3ଶ|71) = (−1|71)
= (−1)ଷହ 𝑚𝑜𝑑 71 = −1

(−9|53) = (−1 × 3ଶ|53)
= (−1|53)(3ଶ|53) = (−1|53)

= (−1)ଶ଺ 𝑚𝑜𝑑 53 = 1

高斯引理

Gauss Lemma. Let 𝑝 be an odd prime, and 
𝑎 ≠ 0 𝑚𝑜𝑑 𝑝. For any integer 𝑥, let 𝑥௣ be 
the residue of 𝑥 𝑚𝑜𝑑 𝑝 which has the 
smallest absolute value.
Divide 𝑥 by 𝑝, get the remainder 0 ≤ 𝑏 <
𝑝. If 𝑏 < 𝑝/2, let 𝑥௣ = 𝑏, if 𝑏 > 𝑝/2, let 𝑥௣
be 𝑏 − 𝑝, then −𝑝/2 < 𝑥௣ < 𝑝/2. Let 𝑛 be 
the number of integers among

(𝑎)௣, (2𝑎)௣, (3𝑎)௣,⋯ ,
𝑝 − 1

2
𝑎

௣

,

which are negative. Then (𝑎|𝑝) = (−1)௡.



08/03/2020

8

Example
𝑝 = 13, 𝑎 = 5

{𝑎, 2𝑎,⋯ , (
௣ିଵ

ଶ
)𝑎} is {5,10,15,20,25,30}

{(𝑎)௣, (2𝑎)௣,⋯ , ((
௣ିଵ

ଶ
)𝑎)௣} is

{5, −3,2,−6,−1,4}

3 numbers are negtive, so
(5|13) = (−1)ଷ = −1.

Another Example
𝑝 = 13, 𝑎 = 10

{𝑎, 2𝑎,⋯ , (
௣ିଵ

ଶ
)𝑎} is {10,20,30,40,50,60}

{(𝑎)௣, (2𝑎)௣,⋯ , ((
௣ିଵ

ଶ
)𝑎)௣} is

{−3,−6,4,1,−2,−5}

4 numbers are negtive, so
(10|13) = (−1)ସ = 1.
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Proof.
We first prove that if 1 ≤ 𝑘 ≠ 𝑙 ≤ (𝑝 −
1)/2 then (𝑘𝑎)௣ ≠ ±(𝑙𝑎)௣,
Suppose if (𝑘𝑎)௣ = ±(𝑙𝑎)௣ is not true. 
Then, we have
𝑘𝑎 ≡ ±𝑙𝑎 𝑚𝑜𝑑 𝑝 ⇒ (𝑘 ± 𝑙)𝑎 ≡ 0 𝑚𝑜𝑑 𝑝

⇒ 𝑘 ± 𝑙 ≡ 0 𝑚𝑜𝑑 𝑝

This is impossible because 2 ≤ 𝑘 + 𝑙 ≤ 𝑝 −
1 and −𝑝/2 < 𝑘 − 𝑙 < 𝑝/2 and 𝑘 − 𝑙 ≠ 0.

So the number |(𝑘𝑎)௣| for 𝑘 = 1,2,⋯ ,
௣ିଵ

ଶ

are all distinct mod 𝑝 (there is ௣ିଵ
ଶ

of them) 
and so must be the integer {1,2,⋯ ,

௣ିଵ

ଶ
} in 

some order.

1 ⋅ 2⋯ (
𝑝 − 1

2
) ≡ෑ|

௣ିଵ
ଶ

௞ୀଵ

(𝑘𝑎)௣| 𝑚𝑜𝑑 𝑝

exactly 𝑛 of the numbers (𝑘𝑎)௣ are < 0.

≡ (−1)௡ෑ(

௣ିଵ
ଶ

௞ୀଵ

𝑘𝑎)௣ 𝑚𝑜𝑑 𝑝
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≡ (−1)௡ෑ𝑘

௣ିଵ
ଶ

௞ୀଵ

𝑎 𝑚𝑜𝑑 𝑝

≡ 𝑎
௣ିଵ
ଶ (−1)௡(1 ⋅ 2⋯ (

𝑝 − 1

2
)) 𝑚𝑜𝑑 𝑝

⇒ 1 ≡ 𝑎
௣ିଵ
ଶ (−1)௡ 𝑚𝑜𝑑 𝑝

⇒ 𝑎
௣ିଵ
ଶ ≡ (−1)௡ 𝑚𝑜𝑑 𝑝

⇒ (𝑎|𝑝) ≡ (−1)௡ 𝑚𝑜𝑑 𝑝

Theorem If 𝑝 is an odd prime, and 
𝑔𝑐𝑑(𝑎, 𝑝) = 1, then if 𝑎 is odd, we have 
(𝑎|𝑝) = (−1)௧, where

𝑡 = ෍
𝑗𝑎

𝑝

௣ିଵ
ଶ

௝ୀଵ

.

Also,
(2|𝑝) = (−1)(௣

మିଵ)/଼.
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Proof. We shall use Gauss Lemma. We are 
interested in (−1)௡ or 𝑛 𝑚𝑜𝑑 2.

For every 𝑘 between 1 and ௣ିଵ
ଶ

,

𝑘𝑎 = 𝑝
𝑘𝑎

𝑝
+ 𝑘𝑎 𝑚𝑜𝑑 𝑝

𝑘𝑎 = 𝑝
𝑘𝑎

𝑝
+ (𝑘𝑎)௣ +

൝
0  𝑖𝑓  (𝑘𝑎)௣ > 0

𝑝  𝑖𝑓  (𝑘𝑎)௣ < 0

𝑘𝑎 ≡
𝑘𝑎

𝑝
+ |(𝑘𝑎)௣| +

൝
0  𝑖𝑓  (𝑘𝑎)௣ > 0

1  𝑖𝑓  (𝑘𝑎)௣ < 0
 𝑚𝑜𝑑 2

෍ 𝑘

௣ିଵ
ଶ

௞ୀଵ

𝑎 ≡ ෍
𝑘𝑎

𝑝

௣ିଵ
ଶ

௞ୀଵ

+෍ |

௣ିଵ
ଶ

௞ୀଵ

(𝑘𝑎)௣| + 𝑛

(mod 2)
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෍𝑘

௣ିଵ
ଶ

௞ୀଵ

𝑎 = 𝑎෍𝑘

௣ିଵ
ଶ

௞ୀଵ

=
𝑎

2
(
𝑝 − 1

2
)(
𝑝 − 1

2
+ 1)

=
𝑎(𝑝ଶ − 1)

8

Because {|𝑎|௣,⋯ , |
௣ିଵ

ଶ
𝑎|௣} is {1,⋯ ,

௣ିଵ

ଶ
},

෍ |

௣ିଵ
ଶ

௞ୀଵ

(𝑘𝑎)௣| = ෍𝑘

௣ିଵ
ଶ

௞ୀଵ

=
1

2
(
𝑝 − 1

2
)(
𝑝 − 1

2
+ 1) =

(𝑝ଶ − 1)

8

So,

𝑛 ≡
𝑎(𝑝ଶ − 1)

8
−
(𝑝ଶ − 1)

8
+෍

𝑘𝑎

𝑝

௣ିଵ
ଶ

௞ୀଵ

(mod 2)

𝑛 ≡
(𝑎 − 1)(𝑝ଶ − 1)

8
+෍

𝑘𝑎

𝑝

௣ିଵ
ଶ

௞ୀଵ

 𝑚𝑜𝑑 2
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𝑛 ≡ ෍
𝑘𝑎

𝑝

௣ିଵ
ଶ

௞ୀଵ

≡ 𝑡 𝑚𝑜𝑑 2,

because a is odd.
So, (𝑎|𝑝) = (−1)௧. ◼

If 𝑎 = 2,

𝑛 ≡
(𝑝ଶ − 1)

8
+෍

2𝑘

𝑝

௣ିଵ
ଶ

௞ୀଵ

 𝑚𝑜𝑑 2

𝑘 ∈ {1,2,⋯ ,
௣ିଵ

ଶ
}, so ଶ௞

௣
= 0.

So, 𝑛 ≡ (௣మିଵ)

଼
 𝑚𝑜𝑑 2, namely,

(2|𝑝) = (−1)(௣
మିଵ)/଼

= ቊ
1  𝑖𝑓  𝑝 = 1,7 𝑚𝑜𝑑 8
−1 𝑖𝑓  𝑝 = 3,5 𝑚𝑜𝑑 8
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(−1|𝑝) = (−1)
௣ିଵ
ଶ

= ቊ
1  𝑖𝑓  𝑝 = 1 𝑚𝑜𝑑 4
−1 𝑖𝑓  𝑝 = 3 𝑚𝑜𝑑 4

二次互反律

Theorem Quadratic Reciprocity Law
“The fundamental theorem must certainly 
be regarded as one of the most elegant of 
its type.” Privately Gauss referred to it as 
the “golden theorem.”
If 𝑝,𝑞 are distinct odd primes, then

𝑝

𝑞

𝑞

𝑝
= (−1)

௣ିଵ
ଶ

௤ିଵ
ଶ .
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or another version: ௣

௤

=

+
𝑞

𝑝
 if 𝑝 ≡ 1 𝑚𝑜𝑑 4 or 𝑞 ≡ 1 𝑚𝑜𝑑 4

−
𝑞

𝑝
 if 𝑝 ≡ 𝑞 ≡ 3 𝑚𝑜𝑑 4.

Example
37

73
←

73

37
←

−1

37

Proof. consider the right angled triangle.
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Claim 1: No integer points on the vertical 
side.
Claim 2: No integer points on the 
hypotenuse.

𝑏

𝑎
=
𝑞

𝑝
⇒ 𝑝𝑏 = 𝑞𝑎 ⇒ 𝑝|𝑎, 𝑞|𝑏

But (𝑎, 𝑏) ≠ (0,0) and (𝑎 < 𝑝, 𝑏 < 𝑝), so it 
is impossible.

Claim 3: The number of integer points on 

interior of triangle is ∑ ௤௞

௣

೛షభ

మ
௞ୀଵ .

If we have a point (𝑘, 𝑙) , then 1 ≤ 𝑘 ≤
௣ିଵ

ଶ

and slope ௟
௞
<

௤

௣
⇒ 𝑙 <

௤௞

௣
.

Number of points on the segment 𝑥 = 𝑘 is 
the number of possible 𝑙 , which is ௤௞

௣
.
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Take the triangle, rotate, add up to generate 
a rectangle.
The number of interior points of the 
rectangle is

෍
𝑝𝑙

𝑞

௤ିଵ
ଶ

௟ୀଵ

+෍
𝑞𝑘

𝑝

௣ିଵ
ଶ

௞ୀଵ

=
𝑝 − 1

2

𝑞 − 1

2
.

(𝑞|𝑝) = (−1)௧భ  𝑤ℎ𝑒𝑟𝑒  𝑡ଵ = ∑
𝑞𝑘

𝑝

(𝑝|𝑞) = (−1)௧మ  𝑤ℎ𝑒𝑟𝑒  𝑡ଶ = ∑
𝑝𝑙

𝑞
(𝑝|𝑞)(𝑞|𝑝) = (−1)௧భା௧మ  𝑤ℎ𝑒𝑟𝑒  𝑡ଵ + 𝑡ଶ

=
𝑝 − 1

2

𝑞 − 1

2
.◼
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Example.

(7|11) = −(11|7) = −(4|7) = −1

(10|13) = (2|13)(5|13) = (−1)(13|5)
= −(3|5) = −(5|3) = −(2|3) = −(−1)

= 1

Example

𝑝 = 11, 𝑥 = ±1,±2,±3,±4,±5 ⇒ 𝑥ଶ

= 1,3,4,5,9

𝑝 = 13, 𝑥 = ±1,±2,±3,±4,±5,±6 ⇒ 𝑥ଶ

= 1,3,4,9,10,12
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Excise010

(7411|9283) =?

Legendre Symbol again:
𝑎

𝑝

= ൞

1  𝑖𝑓 𝑎  𝑖𝑠  𝑎  𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐  𝑟𝑒𝑠𝑖𝑑𝑢𝑒  𝑚𝑜𝑑 𝑝
−1 𝑖𝑓 𝑎  𝑖𝑠  𝑎  𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐  𝑛𝑜𝑛𝑟𝑒𝑠𝑖𝑑𝑢𝑒  𝑚𝑜𝑑 𝑝
0 𝑖𝑓 𝑎  𝑑𝑖𝑣𝑖𝑑𝑒𝑠  𝑝
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For any integer a and any positive odd
integer n the Jacobi symbol is defined as 
the product of the Legendre symbols 
corresponding to the prime factors of n:

𝑎

𝑛
=

𝑎

𝑝ଵ

ఈభ 𝑎

𝑝ଶ

ఈమ

⋯
𝑎

𝑝௞

ఈೖ

,

where
𝑛 = 𝑝ଵ

ఈభ𝑝ଶ
ఈమ ⋯𝑝௞

ఈೖ.

If ௔

௡
= −1 then a is a quadratic 

nonresidue 𝑚𝑜𝑑 𝑛.
If 𝑎 is a quadratic residue 𝑚𝑜𝑑 𝑛 and 
𝑔𝑐𝑑(𝑎, 𝑛) = 1, then ௔

௡
= 1.

But, unlike the Legendre symbol:

If ௔

௡
= 1 then 𝑎 may or may not be a 

quadratic residue 𝑚𝑜𝑑 𝑛.

For example, ିଵ

଻଻
= 1, but -1 is a quadratic 

non-residue.
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Example
1001

9907
=

7

9907

11

9907

13

9907
.

7

9907
= −

9907

7
= −

2

7
= −1.

11

9907
= −

9907

11
= −

7

11
=

11

7

=
4

7
= 1.

13

9907
=

9907

13
=

1

13
= 1.

1001

9907
= −1.
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1001

9907
=

9907

1001
=

898

1001

=
2

1001

449

1001
=

449

1001
=

1001

449

=
103

449
=

449

103
=

37

103
=

103

37

=
29

37
=

37

29
=

8

29
=

2

29

ଷ

= −1.

Tonelli–Shanks算法

The Tonelli–Shanks algorithm is used to 
solve a congruence of the form

𝑥ଶ ≡ 𝑛 𝑚𝑜𝑑 𝑝,

where 𝑛 is a quadratic residue (mod 𝑝), and 
𝑝 is an odd prime.
Inputs: 𝑝, an odd prime. 𝑛, an integer which 
is a quadratic residue (mod 𝑝), meaning 
that the Legendre symbol (𝑛 𝑝⁄ ) = 1.
Outputs: 𝑅, an integer satisfying 𝑅ଶ ≡ 𝑛.
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1.Factor out powers of 2 from 𝑝 − 1, defining 𝑄
and 𝑆 as: 𝑝 − 1 = 𝑄2ௌ with 𝑄 odd. If 𝑆 = 1
(𝑝 ≡ 3 𝑚𝑜𝑑 4), then solutions are given 
directly by 𝑅 ≡ ±𝑛

೛శభ

ర .

2.Select a 𝑧 which is a quadratic non-residue 
modulo 𝑝, and set 𝑐 ≡ 𝑧ொ.

3.Let 𝑅 ≡ 𝑛
ೂశభ

మ , 𝑡 ≡ 𝑛ொ, 𝑀 = 𝑆.
4.Loop:

(1)If 𝑡 ≡ 1, return 𝑅.
(2)Otherwise, find the lowest 𝑖, 0 < 𝑖 < 𝑀, 

such that 𝑡ଶ
೔
≡ 1 (repeated squaring).

(3)Let 𝑏 ≡ 𝑐ଶ
(ಾష೔షభ)

, and set 𝑅 ≡ 𝑅𝑏, 𝑡 ≡ 𝑡𝑏ଶ, 
𝑐 ≡ 𝑏ଶ and 𝑀 =  𝑖.

If 𝑅 is a solution, then the second solution 
is 𝑝 − 𝑅.
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Example
Solving the congruence

𝑥ଶ ≡ 10 𝑚𝑜𝑑 13.

It is clear that 13 is odd, and since

10
ଵଷିଵ
ଶ = 10଺ ≡ 1 𝑚𝑜𝑑 13,

10 is a quadratic residue.

Step 1: We know
𝑝 − 1 = 12 = 3 ⋅ 2ଶ,

so we set 𝑄 = 3, 𝑆 = 2.
Step 2: Take 𝑧 = 2 as the quadratic 
nonresidue (2 is a quadratic non-residue 
because

2
ଵଷିଵ
ଶ = −1 𝑚𝑜𝑑 13.

Set
𝑐 = 2ଷ ≡ 8 𝑚𝑜𝑑 13.
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Step 3:
𝑅 = 10ଶ ≡ −4,

𝑡 ≡ 10ଷ ≡ −1 𝑚𝑜𝑑 13,
𝑀 = 2.

Step 4: Now we start the loop:
𝑡 ≠ 1 𝑚𝑜𝑑 13

so 0 < 𝑖 < 2 and 𝑖 = 1.
Let

𝑏 ≡ 8ଶ
మషభషభ

≡ 8 𝑚𝑜𝑑 13,
𝑐 = 𝑏ଶ ≡ 8ଶ ≡ −1 𝑚𝑜𝑑 13.

𝑅 = 𝑅𝑏 = −4 ⋅ 8 ≡ 7 𝑚𝑜𝑑 13,
𝑡 = 𝑡𝑏ଶ ≡ −1 ⋅ −1 ≡ 1 𝑚𝑜𝑑 13,

𝑀 = 𝑖 = 1.

Restarting the loop, because
𝑡 ≡ 1 𝑚𝑜𝑑 13,

we return
𝑅 ≡ 7 𝑚𝑜𝑑 13.

Indeed,
7ଶ = 49 ≡ 10 𝑚𝑜𝑑 13.

Also
(−7)ଶ ≡ 6ଶ ≡ 10 𝑚𝑜𝑑 13.
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Lemma. If 𝑎,𝑏 are coprime to 𝑝 and have 
order 2௝ 𝑚𝑜𝑑 𝑝 (for 𝑗 > 0) then 𝑎𝑏 has 
order 2௞ for some 𝑘 < 𝑗.
Proof. 𝑎 has order 2௝ 𝑚𝑜𝑑 𝑝, so,

𝑎ଶ
ೕషభ

≡ −1 𝑚𝑜𝑑 𝑝.

Likewise, 𝑏ଶ
ೕషభ

≡ −1 𝑚𝑜𝑑 𝑝.

So,
(𝑎𝑏)ଶ

ೕషభ
≡ 1 𝑚𝑜𝑑 𝑝.

That is to say the order of 𝑎𝑏 divides 2௝ିଵ, 
so 𝑘 < 𝑗.

Proof of Tonelli–Shanks algorithm.
We know

𝑝 − 1 = 𝑄2ௌ

𝑟 ≡ 𝑛
ொାଵ
ଶ  𝑚𝑜𝑑 𝑝

𝑡 ≡ 𝑛ொ 𝑚𝑜𝑑 𝑝

So,
𝑟ଶ ≡ 𝑛𝑡 𝑚𝑜𝑑 𝑝

is true for every iteration.
If 𝑡 ≡ 1 𝑚𝑜𝑑 𝑝, then 𝑟ଶ ≡ 𝑛 𝑚𝑜𝑑 𝑝 and the 
algorithm terminates with 𝑅 ≡ ±𝑟 𝑚𝑜𝑑 𝑝.
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If 𝑡 ≠ 1 𝑚𝑜𝑑 𝑝, then consider 𝑧 which is a 
quadratic non-residue of  𝑚𝑜𝑑 𝑝.
Let 𝑐 ≡ 𝑧ொ 𝑚𝑜𝑑 𝑝. Then
𝑐ଶ

ೄ
≡ (𝑧ொ)ଶ

ೄ
≡ 𝑧ଶ

ೄொ ≡ 𝑧௣ିଵ ≡ 1 𝑚𝑜𝑑 𝑝

and

𝑐ଶ
ೄషభ

≡ 𝑧
௣ିଵ
ଶ ≡ −1 𝑚𝑜𝑑 𝑝,

which shows that the order of 𝑐 is 2ௌ.

Likewise, we have 𝑡ଶ
ೄ
≡ 1 𝑚𝑜𝑑 𝑝, so the 

order of 𝑡 divides 2ௌ.

Suppose the order of 𝑡 is 2ௌ
ᇲ
.

Since 𝑛 is a square modulo 𝑝, 𝑡 ≡ 𝑛ொ 𝑚𝑜𝑑 𝑝
is also a square, and hence

𝑆ᇱ ≤ 𝑆 − 1.

Now we set 𝑏 ≡ 𝑐ଶ
ೄషೄᇲషభ

 𝑚𝑜𝑑 𝑝 and with 
𝑟ᇱ ≡ 𝑏𝑟 𝑚𝑜𝑑 𝑝, 𝑐ᇱ ≡ 𝑏ଶ 𝑚𝑜𝑑 𝑝 and 𝑡ᇱ ≡
𝑐ᇱ𝑡 𝑚𝑜𝑑 𝑝. As before, 𝑟ᇱ

మ
≡ 𝑛𝑡ᇱ 𝑚𝑜𝑑 𝑝

holds.

However both 𝑡 and 𝑐ᇱ have order 2ௌ
ᇲ
. It 

indicates that 𝑡ᇱ has order 2ௌ
ᇲᇲ

with 𝑆ᇱᇱ <
𝑆ᇱ .
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If 𝑆ᇱᇱ = 0 then 𝑡ᇱ ≡ 1 𝑚𝑜𝑑 𝑝, and the 
algorithm terminates with 𝑅 ≡ ±𝑟ᇱ 𝑚𝑜𝑑 𝑝.
Else, we restart the loop with similar 
definitions of 𝑏ᇱ, 𝑟ᇱᇱ, 𝑐ᇱᇱ and 𝑡ᇱᇱ until 𝑆ᇱ⋯ᇱ
equals 0.
Since the sequence of 𝑆 is strictly 
decreasing the algorithm will terminate ◼.

Excise011
Try to find the solution of

𝑥ଶ ≡ 78𝑚𝑜𝑑137.


