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b FHE 2K B

We have deposited 1000 yuan into a bank
account that pays 5% interest at the end of
each year.

At the beginning of each year, we deposit
another 500 yuan into this account.

How much money will be in this account
after 20 years?
ay = 1000
a,+1 = 1.05-a,, + 500

aZO =?

Excise C015
ay = 1000

anq = 1.05- a, + 500

aZO =7

2020/6/7



Derangement

Suppose that n persons are numbered
1,2,:--,n. Let there be n hats also
numbered 1,2, -+, n. We have to find the
number of ways in which no one gets the
hat having same number as his/her number.

Let A; be the set of all permutations of [n]
in which the element i is in the ith position,
in other words, in which the element i is
fixed.

For example, 23541 € A,.
The answer is connected with #(UT-, 4;).

#4; = (n—1)!

The set A; N A; consists of permutations in
which elements i and j are fixed, and the
remaining n — 2 entries can be permuted
freely, in (n — 2)! ways.
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So, the solution is

n! — [(Z) (n—1)!
_ (Z) (n—2)! + (Z) (n—3)!]

> (e
k=0

n
D
n =T K
k=0

or

or

Recursion Suppose we want to determine
the number of derangements of the n
integers 1,2, ---, n.

Let us focus on k and move it into the first
position.

We thus have started a derangement, for 1
is not in its natural position. Where could 1
be placed?

There are two cases we could consider:
either 1 is in position k or 1 is not in
position k.

2020/6/7



If 1is in position k,
1
k ? 1 ? e 7

There are n — 2 integers yet to derange.
This can be done in d,,_, ways.

2 3 - k-1 k k+1 - n
7?77

If 1is not in position k,

? ? ?

-~

There are now n — 1 integers to derange.
This can be done in d,,_; ways.

2 3 - k-1 k k+1 - n
7?77
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Putting this together, we have d,,_1 + d,,_»
possible derangements when k is in the
first position.

There are (n — 1) different ways to select
the k element.

So,
dp=(Mn-1) [dn—l + dn—Z]

d1=Oandd2=1

2020/6/7

A generating function is a formal power
series in one indeterminate, whose
coefficients encode information about a
sequence of numbers a,, that is indexed by
the natural numbers.

The ordinary generating function of a
sequence a, is

G(ay, x) = z a, x".
n=0




Example a, = 50, a,,;1 = 4a,, — 100.
Let G(x) = Yo Qn x™

= z 4q,x"1 — » 100x"*?
G":‘) . G”:° 100x
xX) —ag = 4xG(x) T
a 100x

() = T T Ao od =4

aO — n _ Z n.,n
1_4x—502(4x) =50 4™ x
n=0 n=0

100x B 100/3+100/3
(1—x)(1—4gg)_ 1—x 1—-4x

zlgﬂ(z 4nxn_zxn)

n=0 n=0

2020/6/7



G(x)=50§:4" n
(3 re-)
z<50 4" — 100 - n3 1)

Since G(x) = Yoo An X™,

a, = 504" — 100 -

n

3
5o
x T 1-—x
n=0
A B 100x

T—x 1-4x (1-x)(1-4x)
A(1 —4x) + B(1 — x) = 100x
(=B — 4A)x + A+ B = 100x

—B —44 =100
A+B=0
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Excise C016

Please compute a,g using generating

function.

a, = 1000

aniq = 1.05- a, + 500

1
1|
|
0§
i1l
il 5
1 B
1/
1 8

e R ARRELS

3

35 35 21 7 1
56 70 56 28 8

A skew Yanghui’s Triangle

i

g 1

6 B 1
M 10 5 1
B 20 156 1
21

28

1
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The sequence Fn of Fibonacci numbers is
defined by the recurrence relation

Ey=Fy_ 1+ F_

with initial values:

F1:1,F2:1.

The generating function of the Fibonacci
sequence is the powerooseries

G(x)= ) F,xk
’; 3

Next -
= FO + le + Z(Fk_l + Fk_z)xk

k=2
=x+ZFk_1xk +ZFk_2xk
k=2 k=2
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=x+szkxk+xzszxk

= x + xG(x) + x2G(x).
Solving the equation

G(x) = x + xG(x) + x>G(x)
Then

X
G(x)zl—x—x2

Excise C017

Try to obtain the explicit formula for the
Fibonacci number F,.
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R program for listing the Fibonacci
numbers.

n <- 20
myFib <- numeric (n)
myFib[1] < 1
myFib[2] <- 1
for (i in 3:n) {
myFib[i] <- myFib[li-1]+myFib[i-2]
}

myFib

[1] 1 1 2 3 5 8
13 21 34 55

[11] 89 144 233 377 610 987
1597 2584 4181 6765

Theorem The sum of the first n Fibonacci
numbers can be expressed as
F& + FE + -4 1%1_1.‘F Fh = 1§1+2 - 1.

Proof.

F=F—-F
F, =F, —F;

F3=F—F,
By =Foiy — Fupq

F& + Fé + -+ Fh - }%1+2 - Fé - 1i4+2 - 1
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Theorem The sum of the odd terms of the
Fibonacci sequence

F1 + F3 + F5 + -+ FZn—l == FZTl'

Excise C018
Can you prove it?

2020/6/7

Theorem The sum of the even terms of the
Fibonacci sequence
Fo+FE,+Fg+-+F,=F,.1—1
Proof.
FF+F++F,=F,.,—1
FF+F+ -+ Fp_ 1 =F,

Fo+Fy+ -+ Fop=Fnp—1-Fy
=Fypy1 — 1

13



Theorem The sum of the Fibonacci numbers
with alternating signs

F1 - FZ + F3 - F4_ + + (_1)n+1Fn
= (—1)n+1Fn_1 + 1

Excise C019
Can you prove it?

2020/6/7

Theorem The sum of the squares of the first
n Fibonacci numbers
FZ+ Ff + -+ F?> |+ E? = E,Fp 4

Proof.
sz = Fx(Fx41 — Fx—1) = FxFyqpq — FFre—q
F12 = F1F,
Fzz = F,F; — F1 F,
F?,z = F3F, — FyF;3

Fn2 = FyFppq — Fpa By
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Johannes Kepler observed that the ratio of
consecutive Fibonacci numbers converges.

The limit approaches the golden ratio ¢.

Ilm Fn+1 —
n—oo Fn 4

Proof.
Using the Fibonacci rule:
FE,=F,_1+ F,_,.
@*=¢+1,
1+ V5

> ~ 1.6180or — 0.618.

(p:
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The exponential generating function of a
sequence a, is "
n

X
E(a,, x) = Z n -

n=0
Example Let ap = 1, and let
ans1 =M+ 1D(a, —n+1),
if n > 0. Let is try to find a closed formula
for a,.

The exponential genegting function is
n

E(x) = Zan%.

n=0
0 n+1

i n+1 Z(n B 1) xn+1

=0

2020/6/7
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E(x) —1=xE(x) —x?e* + xe*
K+

E(x) = ;x+xe Zx +Z n'

oo

E(x)—Zn'—+Z(n+1)( el

n=0

E (%) —z '—+z

n=

Since E(x) = X%, a, — —
an —n'+n.

Excise C020

Letag = 0.1fn > 0, then
Ane1 = 2(n+ Da, + (n + 1)!

Try to find a closed formula for a,,.
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Derangement

Start with the recurrence
dn+1 = ndn + ndn_l.

Define d_; = 0 which is consistent with the
recurrence.

Multiply by % and sumovern = 0,

i
n+1;a'

nz0 n

. 4 X i X
—Z" nWZ" n-177"
n=0 n=0
Let
xn
Em:Zdnm
n=0

be the exponential generating function.
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So,

° E'(x) = xE (x)+xE(x)
E'(x) X _
E(x) 1—x__x+1—x'

e
E(x)=1_

2020/6/7
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E(x)=(1 +2x+x2 b x )

X X nxn
NIRRT (-D"
n=0

1 "
dn_ll_?‘FE— R o ] n!
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